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Abstract: This paper describes the construction of n dimensional ARA integral transform. We use the
technique of extending the one dimensional integral transform to double integral transform. This n
dimensional ARA integral transform can be used to solve partial differential equations of any order including
heat equation, wave equation, telegraph equation and others, which are mainly used in physical sciences.
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Introduction: The use of double transformation is considered extremely for solving ordinary and partial
differential equations. There are lots of double transforms such as double Natural transform [7], double
Elzaki transform, double Laplace transform and so on. Saadeh and others recently introduced the ARA
transform [2]. Giang Bui Thi [8] gave operational properties of two Integral Transforms of Fourier Type and
their convolution; Mahajan and Choudhary extended this Fourier Type Transforms and Their Convolutions
on R™ [9]. Khan, Elzaki and Saadeh gave various integral transforms and their properties with suitable
kernels in[3], [4], [5], respectively. Raania Saadeh gave Double ARA-Sumudu Transform and its
Applications & Application of Double ARA Integral Transform in [6] and [1] respectively.

This paper describes and proves the theorem and properties of n Dimensional ARA Integral Transform.
Many of the researchers have studied the solution of partial differential equation and one of the most
important techniques used to develop is transform method. Here we give some new relations with n
dimensional ARA transform and partial derivative.

The structure of this paper includes following sections

Section 1: Definition and theorem of one dimensional and double ARA integral transform.
Section 2: Definition of n dimensional ARA integral transform

Section 3: Properties of n dimensional ARA integral transform

Section 4: Conclusion

Section 1:

Definition: The ARA integral transform of n order of a continuous function p(x) on (0, ) is defined by
[2] and is given by A, [p(t)](s) = s fooo t" e St p(t)dt (1]

Ifn = 1then 4;[p(D)](s) = s [” et p(t)dt - [2]
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The inversion theorem for one dimensional ARA transform is given in lemma 1 and theorem 1 of [2]

The two dimensional or double ARA transform of two variables x4, x, of a continuous function p(x4, x,) is

defined by [2] as,

Ay, (0(X1,%3)} = p(51,5,) = 5152f f e~S1xts2X2)p(xy, x,) dxydix,
00

Section 2:

Definition: The n dimensional ARA integral transform of continuous function of n variables p (x4, x5, ...

is defined as

Ay Ay, oo Ay (D(X1, X3, 0, X0)} =

Clearly the n dimensional ARA integral transform is linear integral transformation

Ay Ay, oo Ay, {01 P1(X1, X2, o0, X)) + €2 P2 (X1, X2, 000, X)) }

o0 ©o oo

— —(S1X1+S2x2+ - +SpX

= 5,5, "'S"j j ] e~ (s1X1+52%2 n¥n)[c; Py (Xq, X, eoes Xp)
00 0

+ C2 pZ(xll X2, ---;xn)] dxld.XZ dxn
co0 ©o (o]
= ~(51X1+S5X g+
= (15152 ---Sn] f f e~(1xa¥saxztodsnin) g, (301, x5, oov, X)Xy Xy . dXy
00 0

0 ©o [ee]
+ 35,5, ...snf f J- e~(Sixi¥saXottontn) po(x) x, L X)) dxgdx, .. dx,
00 0

= 14y, Ay, - Ay, [p1 (1, %2, 0, %) + C2Ax, %0 0xn [p2(x1, %2, o.v ) X))

where c; and ¢, are constants and A, Ay, ... Ay [p1(x1, X2, .., X)) and Ay o, s [P2(X1, X2, ..., Xp)] exists.

Section 3:
Property 1: Let p(xq, X5, ..., X)) = q1(x1)q2(x3) ... ¢ (%), x; > 0,i = 1,2, ...,n. Then
Ay Ay, - Axn[P(x1:x2: v Xp)] = Ay, [CI1(X1)]Ax2 [q2(x2)] ---Axn[qn(xn)]

Proof: A, Ay, ... Axn[P(xpxz; e Xp)] = Ay Ay, - Axn[CI1(x1)CI2(x2) e G (X))
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= 5,5, ...Snf f f e~G1xatsaxattsnin) g (x,)q, (%) ... g (X)) dx,dx, ... dx,
o0 0

= 51] e 511 q (xq) dxq - Szf e 52%2 q,(x,) dx, - ... 'Snf e~n*n q, (x,) dxy,
0 0 0

= Ax1 [ql (xl)]sz [QZ (xz)] Axn [Qn(xn)]
Property 2: Let p(xq, X3, ..., x,) = 1,x; > 0,i = 1,2,...,n. Then, A, Ay, ... A, [1] =1
Proof: A, Ay, ... Ay, [p(x1, %, .., X)] = 5157 ... Sy fooo fooo ...foooe‘(51x1+szxz+"'+5nxn) dx,dx, ...dx,

[oe)

oo oo
= slf e 51*1 dx; -Szf e 2%z dx, - ... -snf e~ Sn¥n dx,
0 0 0

= Ay [1]A,,[1] . Ay [1] =1
Where Re(x;) > 0,Re(x,) >0 ... Re(x,,) >0

Property 3: Let p(xq, X, ..., Xp) = X, %1 x,% ... x,"7,x; > 0,i = 1,2,...,nand a;, ay, ... , @, are constants.
Then, Ay Ay, ... Ay [x191%,%2 o xp,%] = Ay [1%1] Ay, [x2%2] .0 Ay [x0,%7]

Proof: Ay Ay, ... Ay [p(x1, X2, 0, Xp)] = Ay, Ay, oo Ay [X1972,%2 10 x50 ]

oo ©O (o]
= 5,5, ...Snf f f e~ (1xa+saxotdsnxn) [y @iy, @2 x O] dx,dx, ... dx,
00 0

[o e}

oo oo
= slf e S1*1 [x, %1 ]dxy -Szf e~ 52%2 [x,%2]dx, - ... -snf e Sn¥*n [x, "] dx,
0 0

0
= Ax1 [xlal]sz [xZaz] b Axn [xnan]
From the properties of ARA transform, we obtain,

B MNa; + D(ay,+ 1) ...(a, + 1)

§1%15,% ., 5,%n

Ay Ay, oo Ay [X1972%2 0 2, %0 ] = Ay (2191 Ay, [%2] o Ay [ %7]

)

Re(a;) > —1,Re(a,) > —1, ... ,Re(ay) > —1

Property 4: Let p(xq, x5, ..., X,) = e¥t¥it@Xet+tnin ». > 0, =1,2,..,nand a,ay, ... , &, are
A1 X1+A X+ +aAnX — a1xX a|x a1x
constants. Then, A, Ay, ... A, [e®1¥1T%2%2 nin] = Ay [e®*1]A,, [e® 1] .. A, [e®171]
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a1 x1+azxy++anx
Ay, Ay, oo Ay [e@X1 X2t +anin]

oo ©O (o]
= 5,5, ...Snf f f e~ (S1X1+s2Xp+ksnxn) [p@rXat@Xot+an¥Xn] dx. dx, ...dx,
o0 0

[o0] [o0] [ee]
= slf e S1%1 [e“lxl]dxl-szf e~52%2 [e%2¥2]dx, - ... -sn] g~ Sn¥n [e%n¥n] dx,,
0 0 0

= Ay lemm)A, [emr™] . A [e%)

From the properties of ARA transform, we obtain,

51S3 .. Sp

A A A [ea1x1+a2x2+---+anxn] —
e n (51 —a)(s; — az) .. (sp — an)
Property 5 (Shifting Property): Let p(x;, x5, ..., X,,) be a continuous function and

Ay Ay, o Ay [P(x1, X3, o, xp) | = P(S1, 52, ..., Sp) then

Ay, Ay, - Axn[ea1x1+a2x2+~-~+anxnp(x1' X2, s X)]

_ 518 .- Sp p
(51— a)(s2 = @) o (S — @) ((51 @), (52 = @), (Sn = an))

Proof: From the definition of n dimensional ARA integral transform,

Ax1AxZ A [ea1x1+a2x2+---+anxnp(x1, X2y wey xn)]

Co ©o (0]

— - +52Xg++ + oot

= 5155 .. ]j ]e (512145224 +SnXn) o C1 X1+ Q2 Xo -+ AnXn [ (x1, Xy, oo, Xp)] dX1d X, ... dXy,
00 0

= 5152 - ff fe_(51_“1)"1_(52_“2)"2""‘(sn‘“Z)"n[p(xl,xz,...,xn)] dx,dx; ...dx,
00 0

= 55, ...snf f f e~ (1m@)X1p=(S2=@2)%2 o =(n=@n)*n[p(x;, x,, ..., X,)] dxidx, ...dx,
0 0 0

§$1S2..5n

T G1-a1)(52-02) - (Sn—ttn)

P((51 —a1),(sz —az), ..., (s, — an))

Property 6 (Periodic Function): Let A, A, ... Ay [p(x1, X3, ..., x,) | exist, where p(xy, X5, ..., X)
describes a periodic function of periods a4, a;, ... , &, such that

pOey + g, xy + Az, v, Xy + ) = p(xq, X2, 00, %), VX3, 0 = 1,2, ..., 1 then,
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Ay Ay, o Ay, [P (X1, X2, 0, X0)

a; az an

1
= 5185 "'S"j j ] e~ (1xatsaxattsnxn)[p(xy, Xy, ..o, Xp)] dx1dx; ... dx,
0 0 0

- (1 — e—(sla1+szaz+m+snan))

Proof: By definition of n dimensional ARA integral transform,

o ©o oo
— —(S1X1+S2x2+ - +SpX
Ay Ay, o Ay [P(x1, X2, 0, X)) | = 815, "'S"j j ] e~ (s1X1+52%2 nX)p(xy, Xy ony Xp) dX1dx; ... dx,
00 0

g Az an

— - +52Xg++
= 5,5, "'S"j j f e~ 1xatsaxattsnxn)y () x,, .., %) dxdx, ...dx,

0 0 0
0o 0o

+ 515, ...snf f...fe‘(51x1+52x2+“'+5nxn)p(xl,xz,...,xn) dx,dx, ...dx,

a; az an

Putx; =a; +1r,x, =ay + 1y, ., Xy =+ 13

a; az an

— —(S1xX1+S2x0+-+Sp X
= 5,5, ...snf f f e~ (s1x1+52%2 nXn)p(xy, Xy, o) Xpy) dX1d%, ... dxy,
00

0
+ 518, ...snf f J- e~ (r@trtsa (@ tr)ttsn(@nttip ((ay + 1y), (ag + 13), -.r, (an
00 0

+1,)) drydry ..dr,

Using the periodicity of the function p(xy, x5, ..., X,) above equation can be written as

ay az an

— —(S1X1+S2xX0+-+Sp X
P(s1,S2,..,Sp) = 515, ...snf f f e~ (s1x1+52%2 nX)p(xy, Xy, o) Xp) dxydx, ... dx,
00 0

oo ©0 [o0]
+ e~ (181+52@2 4 +snan) g g, "'S"j f f e~Gimtsarz sty (1 vy 1) drydr, . dr,
0 0 0
a; az an
_ - +Spxp et
P(S1,52, ...,Sy) = 515, ...snf f ] e~ (1xats2Xottsnxn)p (3, x5, .., %) dxgdx, ... dx,
0 0 0
+ e~ (r10ats202 4 tsnan) p (s, s, .., 8,)

P(sl, S92, ) Sn)[l — e—(51a1+52a2+...+snan)] —

a1 @2 An | —(51%1+SpXp+ - +Spx
s152Sn g Jy Sy e (s1x1+s2%2++SnXn)py (x0,, x,, .0, X)) dX1dXy ... dXp
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P(S1,52,...,Sp)
a; ay
1
= 5155 .. ff f ~(s1xatsaxottsnxn) [p(xy, Xy, .., X)] dX1d%; ... dxy,

(1 _ e—(sla1+sza2+---+snan))

Property 7 (Heaviside Function): Let A, A, ... A, [p(x1, X3, ..., Xy) ] exist and
Ay Ay, o Ay [P(x1, X, .., Xn) | = P(51,S, ..., 8p) then A, A, ... Axn[p[(x1 —61), (xy — 62), o, (¢, —

Sn)]H((xl —01), (x = 62), oor, (X — 5n)) ] = e 5101752827 =5n8n P (s, 55, .0, Sp)
where H((x; — 61), (x3 — 83), ..., (x, — 8,)) is Heaviside unit step function defined by

1, forx; >68;i=1,2,..,n
H((t = 80, (62 = 82, o, G = ) = { 2Ot

Proof: By using the definition, we have

A, Ay oo Ay [D(X1, X2, oo, X0) ] = 5185 5 fooo fooo fooo e~ Grxatsatzttsnin) pl(x) — 8y), (xp —
82), weer (X — §)IH((ey — 81), (x5 — 82), e, (X — 8) ) dx1dx5 .. dxy,

= 5,5, ...snf J- J- e~(rxatsaxattsnin) p(x, — §,), (xy — 8,), ..., (x, — 8,)] dxydx, ...dx,
00 0

Putx; — 8, =1,i =1,2,...,n in above equation

Axlez Axn [p[(xl - 51); (xz - 52): ey (xn - n)]H((xl - 51): (xz 52) n)) ]

00 00 oo

_ —51(81471) =53 (85+72) = =5 (Sp+

= 5,5, ...snff f e~5101411)=52(82+412) = =5nntmn) s (1 1, ., 1) A1y Ty ... dTy
00 0

0 ©o [ee]
= g7S1017202= =5 | g g, ...snf J- J- e~ SiniTS22 T TS p (1, 1y, L, 1) AT AT, L ATy,
00 0

= e—5151—5262—"'—Sn5np(51, SZJ ey Sn)

Property 8 (Convolution Theorem): Let A, A, ... A, [p(x1, x5, ..., %) ] and
Ay Ay, oo Ay [q(x1, X, ., xp) | exist and Ay Ay, ... Ay [D(x1, %2, o, xp) 1 = P(S1,52, 0, Sp)s
Ay Ay, o Ay, [P(X1, X2, o, Xn) | = Q(S1, S3, ..., Sp) then,

Ay Ay, o Ay (01, X5, o0, X)) #% q (X1, Xg, o0, X0)] = P(s1,S5,..,Sp)Q (81,82, o) Sp)

§1S2..5n

Where

p(xlixb "'rxn) *k q(xlix21 ""xn) =
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X X X .
Jo g3 Iyt (e = 1, Xy = 1y e X — 1) q(1y, 7y, 0, 1) drdr, . dry, and #x denotes the convolution

with respect to x4, X5, ..., X.
The proof of this theorem can be verified easily using the similar proof of double ARA integral transform.
Section 4:

Conclusion: In this paper we have given the definition and the properties of n dimensional ARA integral
transform such as linearity property, shifting property, periodic function, Heaviside function. Also we have
given the convolution theorem for n dimensional ARA integral transform. For future study we will apply this
n dimensional ARA integral transform to solve PDEs and higher order ordinary differential equations.
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