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Abstract

An L(3, 1) - labeling of a graph G is a function f from the vertex set V (G) to the set of all positive integers such
that [f(x) — f)| = 3ifd(x,y) = 1akd [f(x) — f(y)| = 1ifd(x,y) = 2 where for all x,y € V (G).
The L(3,1) labeling number of graph G, denoted by X (G) or X, is the smallest positive integer m such that
max. {f(x) : x € V (G)} = m. This paper totally involves the calculation of X\ of line graph of crown graphs,
duplication of all the vertices of degree two of line graph of a crown graph by an edge, duplication of all the
vertices of degree two of line graph of crown graph by a vertex and a graph obtained by connecting two copies
of line graph of crown graph by a path.
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1. Introduction

An L(3, 1) labeling of graphs is basically motivated from the channel assignment problem which was
introduced by Hale [6].It is also used in solving the frequency assignment problem in most of the wireless
network stations. Different frequencies are assigned in such a way so that the transmitter does not interfere with
one another. This frequency assignment problem is similar to labeling an L(3, 1) label to each vertex.
Throughout we use a simple, finite, undirected graph G, with vertex set V (G) and edge set E(G). For different
graph labeling techniques, we use a dynamic survey of graph labeling by Gallian[1]. For various notation and
terminology we follow Gross and Yellen [5].

Definition 1. 1. For graph G with w, v € V (G), and for fixed positive integers j akd k where k < j, the
function L : V (G) — Z+ is called L(j, k) — labeling of G if and only if |L(v) — L(w)| = j if v akd w are
adjacent and |L(v) — L(w)| = k if v akd w are distance two apart. It was first introduced by Griggs and
Yeh [4].

Definition 1. 2. Let G be a graph with set of vertices IV (G) and set of edges E(G). Let f be a function f: V —
Z+, where f is L(3,1) — labeling [3] of G if, for all u,v € V (G),|f(w) — f(v)| = 3 if
dw,v) 1akd |f(u) — f(v)| = 1lifduw,v) = 2.

Definition 1. 3. The line graph L(G) [7] of a graph G has vertices expressive edges of G, and two vertices are
nearby in L(G) if and only if analogous edges are nearby in G.

Definition 1.4. The crown graph Cr, [1] is obtained by joining pendant vertices {v';,i = 0,1,2,...,k — 1}
with each consecutive vertex {u';, i=0, 1,2, ..., n— 1} of the cycle graph C,. The edge set of crown graph is
Wiy = uyi = 0,1,2,...,k — 2}U U qup =up3 U vy = v,i =0,1,2,...,k — 1}

Definition 1.5. The line graph of crown graph L(Cr},) is constructed from Cr,. A cycle ug, uy, Uy, ..., Up—1, Up

is formed using the edges of Cr,. Each vertex v; is adjacent to u; and u;4+q, where i is considered modulo k —
1. Thus, |V (L(Cry))| = 2k akd |E(L(Cry,))| = 3k. Throughout the article, we use same labels for further
investigations.

Definition 1. 6. Duplication of u vertices by a new edge e = u'u"' in a graph G generates a new graph G’ such
that Ng(u") = {w,u''} akd Ngr(u'') = {u,u'}.
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Definition 1. 7. Duplication of vertex u by a new vertex v forms a new graph G' such that Ng(u) =
N¢'(v), where Ng(u) is the set of all the vertices adjacent to u in graph G.

2. Results

Theorem 2. 1. Line graph of crown graph is an L(3, 1) labeled graph and X (L(Cry)) = 10 for k = 3.

Proof. Define a function f : V (G) — Z+, where G = L(Cry), let the consecutive edges and vertices of crown
graph Cry, be e;j and u; where 0 < i < k — 1 respectively of C,. Let u; and u;4; be joined with a vertex v; to
attain the L(Cry). Thus, V (L(Cry)) ={u, vi: i = 0,1,2,...,k — 1}. Thus, following subsequent cases
arise on applying L(3,1) labeling on L(Cry):

Case 1:n = 0 (mod 4).

k—4
0, if x = w, i=4k+1, k=01,2,.. .. g
k—4
3, ifx = u, i=4k+ 2, k=0,1,2,.. .. —
] ] k—4
6, ifx=u, i=4k+3, k=0,12,.. .. —
k
9, ifx = w, i =4k, k= 1,2,.. .. , T
4
fx) = Ao k—4
7, ifx = v i=4k+1, k=0,12,.. .. , ;
| kg
10, ifx= v, i=4k+2, k=0,1,2,.... , ;
! 4
k—4
1, ifx = v, i=4k+ 3, k=0,1,2,.. .. ,T;
k
5, ifx = v, i=4k, k= 1,2,.. .. , =
I 4
Case2:n = 1 (mod 4).
Subcase 2.1: n = 5.
30—1), if x = u, i=1,234;
4, if x = us;
8, if x = vi1;
fx) = 10, ifx = va;
2, if x = vs;
1, if x = va;
1 7, ifx = vs.
Subcase 2.2: k > 5
k—5
0, if x = w, i=4k+1, k=0,1,2,.. .. 7
k—5
3, ifx = u, i=4k+ 2, k=0,1,2 g
k—5
6, ifx = u, i=4k+ 3, k=0,1,2,.. .. e/
k
, if x = w, i =4k, k 1,2, .. .. Z;
4, ifx=u;
feo) = g " k=5
8, ifx= v, i=4k +1, k=01,2,.... , ;
' ks
10, ifx = v, i=4k + 2, k=012,.. .. 3
k—5
1, ifx = v, i=4k+ 3, k=012,.. .. ,—4—;
k
5, ifx=v, i=4k, k=1,2,.. .. =
| ! 4
1 7, 1fx= Un.
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Case 3:n = 2 (mod 4).
Subcase 3.1: n = 6 (mod 12).

k-3
0, if x = w, i=3k+1, k=0,1,2,.. .. ,Ti
k-3
3, ifx = u i=3k+2, k=012,.. .. ,—3—
k
6, if x = u, i=3k, k=12, .. .. '3
fex) = ‘3
7, ifx = v, i=3k+1, k=012, ,T:
k-3
9, ifx= v, i=3k+2 k=012, ..,
3
k
IlO, l_fx = 7j, i= 3k, k= 1,2, ...... ,§.
Subcase 3.2: k = 10 (mod 12).
—4
0, if x = w, i=3k+1, k=0,12,.. .. 3
. . k—4
3, if x = w, i=3k+2, k=012.. ..,—;
k
6, ifx=u, i =3k, K= iy e e g
9, if x = uy;
k— 4
f)y=1 7 ifx=wv, i=3k+1 k=012 ..., —5—;
9, ifx=v, i=3k+2 k=012. ., K%
k—4 3
10, if x = v, i =3k, k= 1,2,.. .. ,T,
10, ifx = vy_o;
1, ifx = v,_q;
1 4, 1fx= VUn.
Subcase 3.3: k = 2 (mod 12). s
ifx=w i=3k+1 k=012 .,
-5
if x = u, i=3k+2, k=012,.. .. ,—
| k-2
6, ifx=u, i=3k k=12 .. .., ;
| i —
3
| 9, if x =up_q;
4, if x = up;
ifx = u, k—t
fx) = 7, if x = v, i=3k+1, k=0,1,2,.. .. , —
k=28
| 9, ifx=v, i=3k+2, k=012,.... ) ;
| | 3
k-5
10, ifx=v, i=3k k=12 . —
I10, ifx = v,_3;
2, ifx = vy_o;
1, ifx = vy_q;
1 8, 1_fx= VUn.
Case4:n = 3 (mod 4).
Subcase 4.1: k = 3.
3i—1), ifx = w, i=1,2,3;
_ 7, ifx = vi;
f =1 9, if x = vz;
10, if x = vs;
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Subcase 4.2: k = 7 (imod 12).

k—4
0, ifx = w, i=3k+1, k=012,.. .. —
k—4
3, ifx = w, i=3k+2, k=012,.. .. T
k—1
6, ifx = u,, i= 3k, k= 1,2,.. .. ,T;
9, if x = uy;
k—4
f(x) = 7, ifx = v, i=3k+1, k=1012,.. .. ,—
k=7
9, ifx=wv, i=3k+2, k=012,.. .. , ;
! 3
k—4
10, ifx = v, i=3k, k= 1,2, vc,—;
3
10, ifx = vy_y;
1, ifx = vy_qy;
1 4’, 1fx=vn
Subcase 4.3: k = 11 (mod 12).
k—5
0, if x = w, i=3k+1, k=0,1,2,.. .. 3 ;
k—5
3, ifx = u, i=3k+2, k=012 .. ..,— .
k—2
|6, ifx = u, i=23k, k=1,2,.. .. —
|9, if x = up_q;
4, if x = uy,;
f n k—5
fGy=1{7 ifx=wv, i=3k+1 k=012 ..,—;
k38
9, ifx=wv, i=3k+2, k=012,.. .. , ;
| | 3
k—5
10, ifx=v, i=3k k=12 . —
I10, ifx = v,_3;
| 2, ifx = vy
1, ifx = vp_q;
18, 1fx=vn
Subcase 4.4:n = 3 (mod 12) and n > 3.
k-3
0, ifx = w, i=3k+1, k=0,1,2,.. .. —3
k-3
3, ifx = u, i=3k+2, k=0,1,2,.. .. 3
k
6, ifx = u, i= 3k, k=1,2,.. .. '3
fx) = e 3
7, ifx = v, i=3k+1, k=012,.. ..., —;
| k33
9, ifx=v, i=3k+2, k=012,.. .. , ;
; -
| 0
|10, ifx = v, i =3k, k=1,2,.. .. '3

Thus, by all the above cases it is clear that L(3, 1) labeling is satisfied for L(Cr,) and X\ (L(Cr,)) for each case
is 10.

Illustration 2. 2. L(3, 1) labeling of L(Crs) is shown in the figure below for x = 10.
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Figure 1: L(3,1) labeling of L(Crs)

Theorem 2. 3. The graph G obtained by duplication of all the vertices of degree two of L(Cr,) by an edge
admits L(3, 1) labeling for k = 3 and X (G) = 10.

Proof. The graph G obtained by joining all the outer vertices v, i = 0,1,2,...,n—1 of L(Cr,) by an edge
having the end vertices w; and wj;1, where i is considered as modulo k — 1. Thus |V (G)| = 4k |E(G)| =
6k. Define a function f : V (G) = Z* such that:

Case 1: n =0 (mod 3).

k-3
0 ifx=w i=3k+l k=012 .,
3, ifx=u, i=3k+2  k=012.. . k-3
1 3 ’
k
6, ifx=w, i=3k k=12. .3
k—3
f =17 ifx=wv  i=3k+1l k=012 ., .
| k33
9, ifx=wv, i=3k+2  k=012...., ;
i
3
k
10, ifx=wv, i=3k k=12 .3
1, ifx=w, i=2k+1, k=012 ... k-1
14, if x = wi, i=2k, k=12,.. .. Jk

Case 2: k = 1 (mod 3).
Subcase 2.1: k = 4.
3(i—1), ifx € {ug, uz uz, ugk;
7, ifx = va;

10, if x = vy
f&x) = - :
1,  ifx € {v3, wy, w3, wg};
4, if x € {v4, Wp, Wy, We};
| 8, if x € {Wap—3, Wan_1}.

Subcase 2.2: k > 4.
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k—4
0, if x = w, i=3k+1, k=0,12,.. .. ,T.
k—4
3, if x = w, i=3k+2, k=0,12,.. .. ,——
_ 3
k-1
6, ifx=u, i=3k, k=1,2,.. .. , ;
! -
3
9, if x = uy;
k—4
7, ifx = v, i=3k+1, k=012,.. .. T
f(x) = k—4
10, if x = v i=3k+2, k=0,1,2,.. .. ,—;
| k—4 3
9, ifx=v, i=3k, k=1,2,.. .. , ;
i
3
1, if x € {vn_1, Wan1}
4, if x € {vy, wan-3};
| 1, i_fx=w_, i=2k+1, k=012,.... Jk —3;
1
[ 4, ifx=w, i=2k k=12 . k=2
18, l_f.X € {WZn—Z; WZn}.
Case 3:n = 2 (mod 3).
Subcase 3.1: n = 5.
3i— 1), if x € {uy, up, uz, uqgl;
4, if x € {us, w2, wa};
7, if x = vi;
_ 10, if x = v2;
fey = 2, ifx= vz
1, if x € {va, W1, W3, Wap};
5, if x € {Wop_s5, Wan_3, Won—1};
1 8, if x = wi, i € {vs, wan—4, Wan—2}.
Subcase 3.2:n > 5.
k—5
0, if x = w, i=3k+1, k=012,.. .. ,Ti
k—5
3, ifx = w i=3k+2, k=012 .. ..,—.
k-2
6, ifx=u, i=3k, k=1,2,.. .. , ;
! _
3
9, ifx = Up-1;
4, if x = uy;
k—5
7, ifx = v i=3k+1, k=012, .. .. ,Tw
fex) = k—5
10, ifx = v i=3k+2, k=012, v——;
k—5
9, ifx=wv i=3k k=12 ., —5;
2, if x =v,_y;
1, ifx € {vn—l’ WZn};
1, ifx = wy, i=2k+1, k=0,12,.... Lk —4;
4, if x = w;, i=2k, k=12, .. .. Jk —3;
5  ifx € {wzn-s5,W2n-3,Wan-1};
1 8, if x = wi, i € {vs, wan—s, Wan—2}.

Thus, by above cases it is clear that L(3, 1) labeling is satisfied for duplication of outer vertices of L(Cr,) by an

edge and X number for each case is 10.

Theorem 2.4. The graph G obtained by duplication of all the vertices of degree two of L(Cr,) by a vertex
admits L(3, 1) labeling with X (G) = 12 for k = 0 (mod 6) and X (G) = 13 otherwise.
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Proof. Let G be a graph obtained by duplicating each of the vertices of degree two {v;,i = 0,1,2,...,k— 1}
by a new vertex {w;,i =0, 1, 2,..., k — 1}, where w; are adjacent to w; and u;41fori=20,1,2,..., k — 1.
Thus, |V (G)| = 3k, |[E(G)| = 5k. Define a function f : V (G) = Z+ such that:

Case 1: k = 0 (mod 3).
Subcase 1.1: k = 3.
3(—1), ifx = w, i=1,23;
7, ifx = vi;
9, if x = vz;
f(x) = 10, ifx = vs;
11, if x =wz;
12, if x = wg;

1 13, if x =ws.
Subcase 1.2: k = 0 (mod 6). —3
0, if x = w, i=3k+1, k=012,.. .. 3
k-3
3, if x = w, i=3k+2, k=012,.. ..,—;
K 3

6, ifx = u, i =3k, k=1,2,.. .. s

3
k-3

7, ifx = v, i=3k+1, k=01,2,.. .. ,T;
foo = 3 k23
9, ifx = v i=3k+2 k=0,1,2,.. ..

k 37
10, ifx=wv, i=3k k=12 . .., _;
i 3
k-2
11,  ifx=w, i=2k+1,  k=012.. .. ,——;
. 2
12, ifx=w,  i=2k k=12 .3
1
Subcase 1.3: k = 3 (mod 6).
k-3
0, ifx=w, i=3k+1 k=012 . ——;
k-3
3, ifx=uw, i=3k+2, k=012 .,
k
6, ifx = u, i=3k, k=12, .. ...,§;
k-3
7o ifx=w i=3k+l k=012 .
f(x)=19, ifx=v, i=3k+2 k=012 .. ,k;3;
i k
10, ifx = v, i=3k, k=1,2,.. .. ,
3
k-3
11, ifx=w, i=2k+1 k=012 .,—5—;
12,  ifx=w, i=2k k=12. . k-1
5

13, if x = wy.
1
Case 2: k = 1 (mod 3).
Subcase 2.1: k = 4.
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3(i—1), if x € {ug, up uz, usk;

7, ifx = vi;

10, if x = vz

_ 1, if x = vs3;
f&) = 4,  ifx = vs

}2’,’ 11:’1’%6:{%1;"/\, I
2 4

1 13, if x = wa.
Subcase 2.2: k = 1 (mod 6).

k—4

0, if x = w, i=3k+1, k=0,1,2,.. .. ,TJ

k—4

3, if x = u, i=3k+2, k=012,.. .. , —

_ _ k-1 3
6, ifx=u, i=3k, k=1,2,.. .. , ;
! -
3

9, if x = un;

k—4

7, ifx = v, i=3k+1, k=012,.. .. —

k—4
f(x) = {10, ifx = v, i=3k+2, k=012 . o, ——;
9, ifx=wv, i=3k k=12. ., %
! 3
1, if x =v,_q;
4, ifx = vy
k-3
11, ifx = w, i=2k+1, k=012,.. .. ,—
_ _ k-1 2
I12, ifx=w, i= 2k, k=12,.. .. , ;
i 2
I13, leZWn
Subcase 2.3:k = 4 (mod 6). .
—4
0, if x = w, i=3k+1, k=0,1,2,.. .. g
k—4

3, ifx = w, i=3k+2, k=012 o, ——;
| k-1 3
6, ifx=wu, i=3k k=12 .. .., ;

! 3

9, if x = uy;

k—4

7, ifx = v, i=3k+1, k=0,1,2,.. .. '3 ;

fG) =10 fx=v, i=3k+2 k=012 . -4,
| i k—4 3
9, ifx=v, i=3k k=12 .. .., ;
. -
3
| 1, ifx =v,_1;

4, ifx =v, k—4
11, ifx = w, i=2k+1, k=0'1'2'7€ e
|12, ifx=w, i=2k, k=1,2.. .. s

2

113,  ifx=wn1.
Case 3: k = 2 (mod 3).

Subcase 3.1: k = 5 (mod 6).
Subsubcase 3.1.1: k = 5.
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3(i—1), if x € {uy, up, uz, uqgk;

4, ifx = uy;
7, ifx = va;
10, if x = vz
_ 2, ifx = vs;
fe) = 1, ifx= va
8, if x = vs;
1B FrEgitwy
2 4
| 13, if x € {ws, ws}.
Subsubcase 3.1.2: k > 5.
k—5
0, ifx=w, i=3k+1l k=012 . .., —;
k—5
3, ifx = w, i=3k+2, k=01,2,.. .. ,—
_ _ k—2 3
6, ifx=u, i=3k, k=1,2,.. .. , ;
i -3
9, ifxzun—l;
4, if x = uy;
k—5
7, ifx = v, i=3k+1, k=0,1,2,.. .. ,T;
k—5
f(x) = { 10, ifx = v, i=3k+2, k=012,.. .. T
9, ifx=v, i=3k k=12. .,%K"5;
! 3
2, if x = v_y;
1, ifx =v,_1;
8, if x =vy;
k—3
11, if x = w;, i=2k+1, k=0,1,2,.. .. ,—
k-1 2
12, ifx=w, i=2k, k=1,2,.. .. , ;
i 2

1 13, lfx € {Wn—l, Wn}.

Subcase 3.2: k = 2 (mod 6)
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k-5
0, ifx=w i=3k+1, k=012.. .. 5
k-5
3, ifx=1w i=3k+2 k=012 .. —
| k-2 3
6, ifx=u, i=3k k=12 . .
i 3
9, ifx = Un—1;
4, if x = uy;
k-5
7‘ ifx: vj, 1=3k+1’ k=0,1,2, ...... ,TJ
f@)=1]0, ifx=v, i=3k+2 k=012. .85
k-5
9, ifx = v, i=3k, k=12, .. .. 3
2, ifx =v,_y;
1, ifx =v,—1;
8, if x = vy, -4
|1L ifx=w, i=2k+1,  k=012.., ;
12, ifx=w;, i=2k k=12 .

1 13, l_fx = Wn-1.

Thus, by above all the cases it is clear that the graph G obtained by duplication of inner vertices of degree two of
L(Cry) by a vertex admits L(3, 1) labeling and X (G) = 12 fork = 0 (mod 6) and X (G) = 13 otherwise.

Theorem 2.5. The graph G’ obtained by connecting two copies of L(Cr,) for all k = 3, by a path P,,, where
m > 4is L(3,1) graph and x = 11.

Proof. For L(Cr,) |V (L(Cry)) | = 2k and |E (L(Cry,)) | = 3k and for the graph G'obtained by connecting
two copies of L(Cry,) by a path P,,, where m = 4 and first and last vertices of P,,, are connected to uo of each
copy of L(Cr,). Name vertices of P, as p1,Pz, ..., Pm—2 other than first and last vertices of B,. Thus,

[V (G| = 4k+m —2 and |E(G")| = 6k +m — 1. We refer to the labeling of L(Cr,) as in theorem 3.1
with the same function f: V (G) — Z+. Now define a new function f: V (G") = Z+such that:

Case 1: m = 0 (mod 3).
fx), ifx € V(L(Cra));

5 ifx= ps+1, k=0,1,2,.. ..

f@o) = m—6
8, ifx = p3k+2, k=0,1,2,.. ... _

1 11, i_fx = P3k’ k= 1,2, ...... , ——

Case2: m = 1 (mod 3).
Subcase 2.1: m = 4.

f&),  ifx € V(L(Crn));
fG)={ 5 ifx=py
11, if x = po.

Subcase 2.2: m > 4.
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fx), ifx € V(L(Cra));

5  ifx=pxsy, k=012, .. .. ,

8, ifx = p3k+2, k=0,1,2,... ... ,——

3
m-—4
I 11, ifx=pax k=12 . ——
Case 3: m = 2 (mod 3).
f(x), ifx € V(L(Crn));
m—>5
5' l.fxz P3k+1, k=0,1,2, ...... ,T,

8, ifx = p3k+2, k=0,1,2,.. .. ,—;

11, i_fx = P33k’ k = 1,2, ...... , T

Thus, by above all cases it is clear that the graph G’ obtained by connecting two copies of L(Cry,) for all k =
3, by a path P,,,, where m = 4, admits L(3, 1) labeling and X = 11.

3. Conclusion

Line graph of crown graph is constructed and L(3, 1) had been applied on it. L(3, 1) labeling on L(Cr, ) results
in X = 10. All the vertices of degree two are duplicated by an edge and the obtained graph admits L(3, 1)
labeling for X = 10. Also X = 12 for k = 0 (mod 6) and X = 13 otherwise for the graph obtained by
duplicating each of its vertices of degree two by a new vertex. New graph is constructed by joining two copies
of L(Cry) by a path P, which admits L(3, 1) labeling and X = 11. L(3, 1) labeling can be applied on more
graph families which can be constructed using crown graph and different graph operations like corona product,
complement of a graph, shadow graph and many more.
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