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Abstract

For a planar graph G, the vertex labeling function is defined as g: V(G) — {0, 1} and g(v) is called the label of
the vertex v of G under g, induced edge labeling function g*: E(G) — {0,1} is given as if e = uv then
g*(uv) = g(w)g(v) and induced face labeling function g*: F(G) — {0, 1} is given as if vy, v, ..., v, and
ey, €y, ..., ey are the vertices and edges of face f then g**(f) = g(v1)g(v2) ... g(wn)g*(e1)g*(ez) ... g*(em).
Let us denote v4(i) is the number of vertices of G having label i under g, eg(i) is the number of edges of G having
label i under g* and F (i) is the number of interior faces of G having label i under g**, for i € {0, 1}. g is called
the face product cordial labeling of graph G if |vg(0) — vg(1)| < 1, |eg(0) — eg(1)| < 1 akd |Fg(0) —
Fg(1)| < 1. A graph G is a face product cordial graph if it admits face product cordial labeling. Let g(0) and
g(1) be the sum of the number of vertices, edges and interior faces having labels 0 and labels 1 respectively. g is
called total face product cordial labeling of graph G if |g(0) — g(1)| < 1. A graph G is called total face product
cordial graph if it admits total face product cordial labeling. Face product cordial labeling is investigated for book
graph when k is odd and m < 2. Face product cordial and total face product cordial labeling of gear graph is
explored when k > 3. Also, the graph obtained from a gear graph by duplicating each vertex of degree two by an
edge, the graph obtained from a gear graph by duplicating each vertex of degree three by an edge and the graph
obtained by duplication of all rim vertices of a gear graph by an edge when k < 3 is face product cordial and
total face product cordial graph.

Keywords: Book Graph, Duplication, Face product cordial labeling, Gear graph, Product cordial labeling, Total
face product cordial labeling.
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1. Introduction

A graph labeling is the assignment of integers to the vertices or edges or both subject to conditions. For different
graph labeling techniques we use a dynamic survey of graph labeling by Gallian [1]. We start with a simple, finite,
undirected graph G = (V (G), E(G)) with vertex set V and edge set E of G.For different notation and
terminology we follow Gross and Yellen [2]. Face Cordial labeling and Total face product cordial labeling were
given by P. Lawrence Rozario Raj and R. Lawrence Joseph Manoharan [3]. Now we provide brief summary of
definitions and other information which are necessary for the present investigations.

2. Definitions
Definition 2.1 A cycle in a graph is a non-empty trail in which only the first and last vertices are equal.

Definition 2.2 The graph W, = C,, + Ki is called a wheel graph. The vertex corresponding to Ki is called the
apex vertex and the vertices corresponding to Cn are called the rim vertices [1].

Definition 2.3 A book graph B(m, n) is a graph obtained by identifying n edges taking one edge from each of the

n distinct copies of Cy,, where n is called number of pages of the book B(m, n). The edge obtained by identifying
n edges is called the spine or base of the graph B(m, n) [4].
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Definition 2.4 A gear graph G, is obtained from the wheel graph W, by adding a vertex between every pair of
adjacent vertices in the cycle C, [5].

Definition 2.5 A mapping f : V (G) — {0, 1} is called a binary vertex labeling of G and f(v) is called the label
of the vertex v of G under f. We denote v¢(0) as the number of vertices with label 0 and v¢(1) as the number of
vertices with label 1 [5].

Definition 2.6 A product cordial labeling of graph G with vertex set V is a function f: V (G) - {0, 1} such that
each edge uv is assigned the label f(u)f(v), the number of vertices with label 0 and the number of vertices with
label 1 differ by atmost 1 and the number of edge with label 0 and the number of edge with label 1 differ by
atmost 1. A graph which admits product cordial labeling is called a product cordial graph. Sundaram, Ponraj and
Somasundaram [6] introduced a product cordial labeling.

Definition 2.7 The neighbourhood of a vertex v of a graph is the set of all vertices adjacent to v. It is denoted by
N(v) [5].

Definition 2.8 Duplication of a vertex of the graph G is the graph G’ obtained from G by adding a new vertex v’
to such that N(v") = N(v) [5].

Definition 2.9 Duplication of a vertex viby a new edge e = vy, v’y in a graph G produces a new graph G’ such
that N(v'y) = {vi, v''i} and N(v''y) = {v}, v’k }. The symbols of duplication of a vertex by a new edge and
duplication of an edge by a new vertex were found by Vaidya and Bansara [7].

Definition 2.10 For a planar graph G, the binary vertex labeling function is defined as g : V (G) = {0, 1} and
g(v) is the label of the vertex v of G under g, induced edge labeling function g*: E(G) — {0, 1}is given as ife =
uv then g*(uv) = g(u)g(v) and induced face labeling function g** : F(G) — {0, 1}is given as if vy, vy, ..., vy
and ey, ey, ..., ey are the vertices and edges of face f then g**(f) = g(v1)g(va) ... g(vy)g*(e1)g*(e2) ... g*(em).
Let us denote v(i) is the number of vertices of G having label i under g, e4(i) is the number of edges of G having
label i under g* and fy(i) is the number of interior faces of G having label i under g for i = 1, 2. g is called the
face product cordial labeling of graph G if if |vg(0) — vg(1)| < 1, |eg(0) — eg(1)|] < 1 and |Fg(0) —
Fg(1)| < 1. A graph G is a face product cordial graph if it admits face product cordial labeling [3]. P. Lawrence
Rozario Raj and R. Lawrence Joseph Manoharan [3] introduced a face product cordial labeling.

Definition 2.11 For a planar graph G, the binary vertex labeling function is defined as g : V (G) = {0, 1} and
g(v) is the label of the vertex v of G under g, induced edge labeling function g*: E(G) — {0, 1} is given as if e =
uv then g*(uv) = g(u)g(v) and induced face labeling function g** : F(G) — {0, 1} is given as if v, vy, ..., Vy,
and eq, ey, ..., e, are the vertices and edges of faces f then g**(f) = g(v1)g(v2) ...g(vn)g*(ep)g*(e2) ... g*(em)-
Let g(0) and g(1) be the sum of the number of vertices, edges and interior faces having labels 0 and labels 1
respectively. g is called total face product cordial labeling of graph G if |g(0) — g(1)| < 1. A graph G is called
total face product cordial graph if it admits total face product cordial labeling [3]. P. Lawrence Rozario Raj and
R. Lawrence Joseph Manoharan [3] introduced a total face product cordial labeling.

Note:- Throughout the article we use i € [k], whenever1 < i < k.
3. Results
Theorem 3.1 A book graph B(m, k) is face product cordial graph if both m and k are odd and m > 3.

Proof: Let B(m, k) be the book graph with both m and k are odd with m > 2 is obtained by identifying k edges
taking one edge from each of the k distinct copies of C,,, where k is called number of the pages of B(m, k). The

edge obtained by identifying k edges is called the spine. Thus, |V (B(m, k))| = (m—2)k+ 2, |E(B(m, k))| =
(m — Dk + 1 akd |F(B(m, k))| = k. Name the vertices of G as follows: voand v'o to the end vertices of the
spine in B(m, k). Let v11, V21, V31, ..., Vim—2)n be the consecutive vertices of 15t copy of Cy,, 274 copy of Cp, ...,

kth copy of C,, other than the end vertices of the spine.
Define f : V (B(m, k)) — {0, 1} as follows:
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1, if x € {vo, V'o};
m—1 k-1
1, ifx=wv; 1€[ 1jel 1;
— 2 2
o) = Fia
1, ifx=wi=1j€[ , ];
. 2
o, otherwise.
In view of above labeling pattern we have, v (1) = (m_z)n+3,v 0) = (m_z)n+1,e 1) = (m_l)n,e 0) =
n-1 n+1 I 2 ¥ 2 I f
m-2nt1 F (1) =  akd F(0)= __ . Thus,Je (0)—e ()| < L, |v (0) = v (D] < 1 akd |[F (0) —
2 ¥ 2 " 2 ) A i A f

F¢ (1)] = 1. Hence, B(m, n) is a face product cordial graph when m and n both odd with m > 3 as it admits face
product cordial labeling.

Illustration 3.1: Face product cordial labeling of B(5, 3) is shown in the Figure 1.

Vi

Va3

Figure 1: Face product cordial labeling of B(5, 3)

Theorem 3.2 Gear graph Gn is a face product cordial and total face product cordial graph for n > 3 for odd values
of n.

Proof: Let W, be a wheel graph with the apex vertex vy and consecutive rim vertices as vy, Uy, ..., V. The gear
graph G, is obtained by subdividing each of the rim edges v v;, Vyvs, ..., Vy—1Vy, Vv of W, by the vertices
Ui, Uy, ..., Uy respectively. Thus, |V (G,)| = 2k + 1,|E(G,)| = 3k akd |F(G,)| = k.

Define a function f : V (G) — {0, 1} as follows:

1, if x = vo;
( k-1
| 1, i_fxzui,ie[z—];
e = | ka1
] 1, ifx=wiel1;
0, otherwise.
In view of above labeling pattern we have, v (0) = kv (1) =k +1,e (0) = 3n+1,e = 3n_1,F ) =

n—1 i i I A i
1 F(1)=__.Thus,le (0) —e (1| < L|v (0) —v (1)] < 1lakd|F (Of - F (D] < 1. Hence,
I ¥ ¥ i
¢ is face prodlzlct cordial graph for all odd k and k = 3. Also, g(0) =v (0) +e (0)+F (0) =k + Ly

N 3n-1  n-1F i f 2
mi=3k+1and g(1) = v (D +e () +F D) =(k+ 1D+ +""=3k Thus.|9(0) — g(1)] £ 1.

> _

2 2
Hence, it is total face product cordial graph.

Hlustration 3.2: Face product cordial labeling and total face product cordial labeling of G3 is shown in the
Figure 2.
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Figure 2: Face prodct cordial labeling of G3 .

Theorem 3.3 The graph obtained by duplication of each vertex of degree two by an edge in G, admits face
product cordial labeling and total face product cordial labeling both for k > 3.

Proof: Let W, be a wheel graph with the apex vertex vy and consecutive rim vertices as vy, Uy, ..., V. The gear
graph G, is obtained by subdividing each of the rim edges vV, Vavs, ..., Vy—1Vy, Vv of W, by the vertices
Uy, Uy, ..., Uy respectively. Thus, |V (G,)| = 2k + 1, |E(G,)| = 3k akd |F(G,)| = k. Let G be the graph
obtained from G, by duplicating each vertex u; of degree two by an edge u'iu'’; respectively for all i =
1,2,3,...,k. Thus, |V (G)| = 4k + 1,|E(G)| = 6k akd |F(G)| = 2k.

Define a function f : V (G) — {0, 1} as follows:

1, if x = wvo;
1, if x = v, i € [k];
Jc(x)={1, i xx=uv_flle[%j];
1
10, if x € {u'iu"i},1 € [k].

In view of above labeling pattern we have, v;(0) = 2k, vy(1) = 2k + 1, e(0) = 3k, e;(1) = 3k, F(0) =
k, Fi(1) = k. Thus, [ef(0) —e; (1)| < 1,|v; (0) — vy (1)] < 1akd |F;(0) — Fy (1)] < 1.Hence, Gy is
face product cordial graph for all odd k and k = 3. Also, g(0) = v¢(0) + e;(0) + Fy(0) = 2k + 3k + k = 6k
and g(1) = v(1) + e;(1) + Fy(1) = (2k + 1) + 3k + k= 6k + 1. Thus, |g(0) — g(1)| < 1. Hence, it is
total face product cordial graph.

Illustration 3.3: Face product cordial labeling and total face product cordial labeling of Gs is shown in the Figure
3.

Figure 3: Face prodct cordial labeling of Gs .

Theorem 3.4 The graph obtained by duplication of each vertex of degree three by an edge in G, is both face
product cordial graph and total face product cordial graph.
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Proof: Let W, be a wheel graph with the apex vertex vy and consecutive rim vertices as vy, vy, ..., V. The gear
graph G, is obtained by subdividing each of the rim edges vV, Vavs, ..., Vy_1Vy, Vv of W, by the vertices
Uy, Uy, ..., Uy respectively. Thus, |V (G,)| = 2k + 1, |E(G,)| = 3k akd |F(G,)| = k. Let G be the graph
obtained from G, by duplicating each vertex v; of degree three by an edge v'jv"'; respectively for alli =
1,2,3,...,k. Thus, |V (®)| = 4k + 1,|E(G)| = 6k akd |F(G)| = 2k.

Define a function f : V (G) — {0, 1} as follows:

1, if x = vo;
1 ifx = vl € [k];
feo) = {1, b=l e
1
10, ifx e {viv'i},i € [k].

In view of above labeling pattern we have, v;(0) = 2k, vy(1) = 2k + 1, e(0) = 3k, e;(1) = 3k, F(0) =
k, Fi(1) = k. Thus, |e;(0) — e; ()| < 1, |v;(0) — v (1)| < 1akd |F;(0) — Fy(1)] < 1.Hence, Gy is
face product cordial graph for all odd k and k = 3. Also, g(0) = v¢(0) + e;(0) + Fy(0) = 2k + 3k + k = 6k
and g(1) = vs(1) + e;(1) + F(1) = (2k + 1) + 3k + k = 6k + 1. Thus, |[g(0) — g(1)| < 1. Hence, it is
total face product cordial graph.

Ilustration 3.4: Face product cordial labeling and total face product cordial labeling of G4 is shown in the Figure
4.

Figure 4: Face prodct cordial labeling of G4

Theorem 3.5 The graph obtain by duplication of each of the rim vertices in G,, is both face product cordial graph
and total face product cordial graph if k is even.

Proof: Let W), be a wheel graph with the apex vertex vy and consecutive rim vertices as vy, Uy, ..., V. The gear
graph G, is obtained by subdividing each of the rim edges v v;, Vvs, ..., Vy—1Vy, Vv of W, by the vertices
Uy, Uy, ..., Uy respectively. Thus, |V (G,)| = 2k + 1, |E(G,)| = 3k akd |F(G,)| = k. Let G be the graph
obtained from G, by duplicating each vertex v; and u; by an edge v';v"'; and u'ju'’; respectively for alli =
1,2,3,...,k. Thus, |V (G)| = 6k + 1,|E(G)| = 9k akd |F(G)| = 3k.

Case 1: n =0(mod 4).
Define a function f : V (G) — {0, 1} as follows:

1, if x =v,1 € {0, [k]};
'y s uied
feo = i L]
1, 1fx=u'i,1E[4—71;
1, ifx =u'i€[g];
10, otherwise.
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In view of above labeling pattern we have, v (0) = 3k,v (1) =3k+1,e (0) = 9n ,e (1) = 9n ,F (0) =
3 F(1)= 3n .Thus,le (0) —e ()] L1y (0 F v W) = 1dkdF @'=F 1211 fence,
G?E thee pro(l%l cordial glj;iph for afl odd k and k¥> 3. Alsd, g(0) =v (0) +& 0) + Ff(O) =3k+ 9n
n =9k and g()=v WD +e D +F D) =Bk+1D+ o )
o 151+ 15

1 Hence, it is total face product cordial graph.

+
Lok +4 . Thusllg(0) — g8 <

Case 2: n = 1(mod 4).
Define a function f : V (G) — {0, 1} such that,
{1, if x = v;,i € {0, [k]};

1, if x =uyi € [k];
1, 1fx—v_1€[k+3]
1, ifx=v",i€ k—l;
f) = C o)
1
1, 1fx—u1,1E[H
1, ifx=u",i€ k—l;
| i [ 4 1
10, otherwise.
In view of above labeling pattern we have, v (0) = 3k, v (1) =3k+1,e (0) ntl [,e (1) =
i

s 1] . Thus, |e ) — e (DI < 1 v © = v (1)| < 1akd IF (0) -

£ {6}” 1. Haamcf +Gn3_Tce Rypdugt cor 1a](%5aph fo(rﬁll odc} {c) (}:k( 33 élz ngO_?_ = UIQO) -|i enf—(()]) +

2 2
9k Thus, |g(0) — g(1)| < 1. Hence, it is total face product cordlal graph

2 2

Case 3: n=2(mod 4).
Define a function f : V (G) — {0, 1} such that,

1, if x = v;,1 € {0, [k]};
1, ifx=u1,ie[k;J+2
1, 1fx—v e[ 1;
k42
1, ifx =" ,1E[ 1
fx) = i 4
k—2
1, ifx =uli €| 1;
k=<2
1, ifx=u",i€] 1;
| i 4
10, otherwise.

In view of above labeling pattern we have, v (0) = 3k,v (1) =3k + 1,e (0) = 9n ,e (1) = 9n ,F (0) =
;m F(1)= 3n .Thus,le (0) —e ()] L1y (0 Fv W) < 1dkdF @'=F @121 fence,
G2 Es thee proclt?c] cordial gr’?iph for afl odd k and k¥> 3. Alsd, g(0) =v (0) +& 0) + Ff(O) =3k+ 9n

B o=9kand g(1)=v () +e (D+F 1) =@k+1)+ on .
o AR 151+ 151

1. Hence, it is total face product cordial graph.

+
£ 9k +1. Thusf|g(0) — g(ﬂ <

Case 4: n = 3(mod 4).
Define a function f : V (G) — {0, 1} such that,
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(1 if x = v;,i € {0, [k]};
1, if x = u;,i € [k];

. . k+1
1, 1fx-vf1€[ 4];

1, ifx=v",ie k+1,
f(x) = i ]
&#1
1, ifx=u,i€ ;
f vi€l k4 :l
1, ifx=u",i€] ;
i 4
10, otherwise.
In view of above Ilabeling pattern we have, v (0) =3kv (1) =3k+ 1,e (0) = 9n+1[,e () =
9n—1 3n+1 3n-1 ! f £ 2 f
1" ,F (0) = [LF (1) =1""7]. Thus, e (0) — e (1)] < 1,|v (0) — v (1)| < 1akd|F (0) —
2 ¥ 2 5 2 ¥ i i i i
Fe(D] = 1. e, Gn.is face product cordial graph for all odd k and k = 3. Also, g(0) =, p5(0) +£;(0) +
Ff(o) = 3k+%[+n31"—+ﬁa[=9k+1 and g()=v W +e(VD+FQ)=@k+1 +]9" g]+]'°e"f p] =
2 2 i A I 2 2

9k . Thus, |g(0) — g(1)| < 1. Hence, it is total face product cordial graph.

Thus, by all the above cases it satisfies face and total face product cordial labeling if n is even. Hence the graph
obtain by duplication of each rim vertices in G, admits both face and total face product cordial labeling.

Hlustration 3.4: Face product cordial labeling and total face product cordial labeling of Gs is shown in the Figure
5.

Figure 5: Face product cordial labeling Gs

4. Conclusion

We applied Face product cordial labeling on Book graph when m and n both odd with m > 3. Also we applied
Face product cordial labeling and Total Face product cordial labeling on Gear graph (k = 3). We also showed
three results on the graph obtained by switching of a vertex of distinct degrees in the gear graph is Face and Total
face cordial labeling under the condition said erlier.
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